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Abstract

The paper presents an original approach to the whole genemtenent of an asexual haploid
population under mutation and selection.

The genes are partitioned into short stretches of nuclestitieelementswhich have different
degrees of intolerance toward mutations. In the first stepefnalysis a genome is considered
as a finite set of elements deprived of their association gathes. In particular, thiétness
composition of the genomee. the partition of the deleterious elements into ddferfitness
classes, can be described in each generation and the eguilib

The second and third steps describe a novel effect: A digpiaat of the fithess composition
in individual genes, which also continues in the mutatielestion balance. Together with the
finiteness of the genome this allows for the retrieval of tifermation abandoned in the first
part: sets of elements which are classified with respect ted# can be re-associated with
genome components and finally with individual genes. Hetimemost probable fithess com-
position of individual genes in the equilibrium can be detiered.

In the second part of the present paper an algorithm is destrivhich allows to simulate
genomes using the model outlined above. The program acasptgput the description of a
genome by the declaration of its genes (its length and tlegante towards mutations of its
elements). Using the model and additional methods like atyn@rogramming, the algorithm
predicts the fitness composition of individual genes in tipglérium. Examples show in par-
ticular, that a change in one gene has an effect on the othesgehich remain unchanged.

Keywords: population genetics, whole genome microevoluin, mathematical modelling,
fitness, mutation-selection equilibrium.
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1 Introduction classes. There is no epistasis, i.e., the fithess of a gene

Classical lati i I idered q’}.?the product of the fitnesses of its elements, and the fit-
assical popufation genetics usually considered oniaqq of 5 genome is the product of the fitnesses of all the
one or very few loci over generations in a population

e{ements, in particular, the fitness of the genome is the

Howeygr, selection acts on 'ghe whole genome and.n oduct of the fitnesses of its genes. Elements in elass
onindividual genes. To consider many genes in detail bve local fitness, forall 0 < n < N. The clas® has

Eggggre‘%ﬂ]:t'hse\;i%g;rfr']cuurlrg’bae?gg?atgﬁgag['%"yﬁrgﬁitneSSSO = 1 whereas the other classes have fithesses

. 9 ’ §> s1 > sg > --- > sy > 0 and contain deleterious

are different global approaches to model the genome??
h . . ements.

of populations over generations and in the steady state

(for an overview see e.g. [2]), one of the most importanMutations change the fitness of individual elements. A

ones is the neutral theory created by Kimura (e.g. [3])nutation hits only one element at a time, only point

which, however, ignores the impact of selection, as alhutations are treated here. Any element mutates with

mutations are assumed to be neutral. the probabilityu, and the mutation may transfer the el-

. ntin ifferent fitn lass. Thus, recurrentan
The presented model belongs to the wide class Tﬁme tinto a different fitness class us, recurrentand,

. . - ence, positive mutations are possible.
selection-mutation models initiated by the work o
Kimura and Maruyama [4] (but the idea can be traceth addition there is a third partition of the elements
back to Haldane [5]). These models were designed sghich reflects the structural feature of a genome called
approach different problems, among others, the evdhe functional constraint is introduced. The elements
lution of muation rates ([6], [7], [8], [9], [10]). Ex- of the genome are assignediaisk classeR (), i =
tended by the description of a relation between fitnesk .. ., I:

and the value of a multi-locus trait this type of model I

was applied to problems in quantitative genetics like M = U R,

evolution of reproduction, maintenance of phenotypic i1

and molecular variability and evolution of mating pref- _

erences (e.g. [11]). Arisk classR(?) is equipped with a set of parameters

In the present paper a model is suggested that describes () _
a lati = . ) ' = {vi0,vi1, - - Yin },

population which is affected by mutation and selec
tion over generations and where there are still dynamics N
inthe steady state. These changes in the equilibrium atdth >/, vin = 1. These parameters, called the
described and used to return from the very global anétutation priorities, regulate the behaviour of an
anonymous approach to the identification of individuaglement as follows: When an element in risk clRs¢
genes and their fitness. The model allows simulation@utates, it transfers into fitness claswith probability
of explicit genomes made up from genes and predictgn.
the most probable fithess composition of each gene.

The partition of the genome into therisk classes is
2 The Problem and the Model fixed throughout the dynamics.

An effectively infinite strictly asexual haploid popu-
lation with non-overlapping generations in a constanhdividual genes are themselves partitioned into risk
environment is considered. The genome of an inc|asses: For any? — 17 e J, the gen(;j is divided
dividual is a union ofJ genes, which is exposed . o fixed disjoint subsetsz® (i = 1 ). which

to successive selection and mutation steps in eadh© 1Xed disjoint SUbSElS, G =1,...,1), whic
generation. The genome may also contain non-codir?g"e callecgene risk subsetsuch that
regions, which can be considered as a subset of genes

I
with no function. i i i
G =rR9ngG;, G;=Jc". @

The genome is considered as a set of elements, each i=1

of which is a short stretch of nucleotides, chosen to be

significantly smaller than a gene size and such that arsimilarly, each risk clasR () can be expressed as a

element is part of only one gene. disjoint union of the corresponding gene risk subsets
Gy) over all the genes, i.e.,

Thus, the genome is modelled as a finite s&bf el-

ements, which is partitioned into the gen@s, j = _ J ,

1,...,J, which are constant as sets and which make a R® = U GJ@. 2)

partition of the selM: j=1

M — L]J G. So far the necessary n_otation and the buildin_g blocks
a of the model are established. It should be pointed out
=1 that the finiteness of the genome is essential for the next
There areV + 1 fitness classes. In any generation, eackection, where the three steps are described which lead
element is assigned a local fithess from one of thege the fitness composition of individual genes.
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3 Fitness composition of individual genes RO yio A

It is possible to derive thétness compositioacquired : : \

in the mutation-selection balance by each gene, i.e., the | M| RO Yin A IM]|
distribution of the elements into fitness classes for each : :

gene. Assuming that a partition of the genome into risk ('1) YIN '

classes is fixed, this distribution is determined in three IR AN

major steps. Fig. 1 The elements oM are partitioned into risk

classeR (on the left) and into fitness classes (on the
1. In the first step the functionality of the elementsight). The number of elements R and in fitness
is ignored and the genome is considered as a sefassn is v;s,.

of anonymous elements, whose dynamics are de-
scribed. These results are adapted from [12] and
yield a description of the equilibrium, in particular
the distribution of the number of deleterious ele-
ments is known, as well as the expected number of
elementsA,,, in each fitness class

. In the second step, the fitness composition of the
individual risk classes in the mutation-selection

balance is retrieved. This retrieval procedure is
mainly possible, because the genome in the model

is finite. In the equilibrium two partitions of the el- 3.

ements of the genome are considered: On the one
hand, the partitioning into risk classes; on the other
hand from the former step the expected numbers of
elements in each fitness class are known. Let the
number of elements in risk cla®&(® which be-
long to fitness class be denoted byy;,. In the
equilibrium mutation and selection still affect the
population, and the parametefrg;,,} are chang-
ing, but such that the following holds

N .
Zyi"L:lR(l)') (221771) and

n=0

I 3)
S Yin = An, (n=0,...,N).
i=1

It turns out that there is only one kind of change
which obeys the following three conditions:

(a) The left side of (3), which holds per defini-
tion of risk classes with a fixed number of
elements, is satisfied;

(b) A change corresponds to the physical nature
of mutation, and

The most probable sefty;,} is determined ap-
plying the balancing method, the convergence of
which was proved in [13] (this method is also used
e.g. in [14], [15]).

It turns out that this most probable det;,, } coin-
cides with the minimum of the weighted Kullback
entropy.

In the third step the connection between the
elements and their genes is recovered and the
fitness composition of individual genes is derived.
Here a similar idea as in the previous step is used.
This time two partitions of the elements in an
individual risk classR(") are considered — on the
one hand the distribution into gene risk subsets
(see equation (2)), and on the other hand the
most probable solution of the previous step: the
expected number of elemenyg, in each fithess
class in risk clas®(?). The most probable fitness
composition of all gene risk subsets is determined.

As in the previous step, this solution is indepen-
dent of the initial state and allows to look for
the most probable compositidi;;,, }. The most
probable solution this time turns out to be a shifted
uniform distribution, where the shift is given by
the maximum of the Shannon measure under the
implicit constraints.

From here, the fithess composition of each gene,
which is a disjoint union of its gene risk subsets
(see (1)) is derived.

These three steps present a model which is a theoretical

(c) Only the changes surviving the balancing setool that enables to find the fitness compositions of

lection are considered; this means, the righindividual genes.

side of (3) is satisfied.

In the following section a brief

description of a program which allows to experiment

using this theory.

These changes to the det;,, } are analysed.

A discrete time scale is introduced, such that at
any time (3) is true and that during each time
step at most two independent transfers (due tq
mutations) can take place. The situation can be
described by the following double constrained

Simulation of genomes in the equilib-
rium

random process visualised by the graphin figure Yo experimental part of this work consists of simula-
tions of different compositions of genomes in the equi-
librium and the calculations of the fithess compositions
of individual genes. The simulation is based on the the-
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oretical model, the idea of which is described in the for- 3. From the se®,,_2, those vectors which havge =
mer sections. 0 are chosenys is increased by one, and the vec-
tors are added t©,,.

) ] Note, that only those vectors with = 0 have to
Let N be the number of deleterious fitness classes for  pe taken into account, as those with # 0 are

4.1 Some Notation

elements. The local fithess in clas$s already present from the sét, ;.
Sp=e2" n=0,1,...,N; 4. From the se®,,_; for 2 < k < N, those vectors
which haveyi,...,yx—1 = 0 are chosenyy is
where A or more intuitively,e~2 is a parameter that increased by one, and the vectors are addéil to

can be chosen later. The genome consistévif ele-
ments each of which can be in one of We+ 1 fithess Using this recursion, a dynamic programming a|go_

classes. The elements contribute multiplicatively to th@ithm is easily derived. The first se®,,...,Ox
fitness class of the genome. Since are constructed by hand. Then, recursively, the sets
for N + 1, N + 2,..., in this order are constructed,

_ JAni+Any _ A(ny+ . :
Spy k Sp, = eATITAN — pA(natn2) using the recursion above. In that way, the necessary

. N predecessor sets are always present for each new
the fitness of the whole genome can only be one of th@onpstruction. ys P

following:

s, =€ n=0,1,...,N % |M|; Now for any genome fitness class, all the possible
vectors (y1, yo, - .., yn) are known, in other words,

in particular, the worst fitness for the genomejs.ny,  for any desired fitness for a genome, all possible

this is the case, where all tHd1] elements lie in the combinations of numbers of elements in fitness classes

worst fithess clasg/. are known. Note, that the number of elements in the

. best fitness clagsis given by|M| — -
A genome is represented by a vecjor (y1,...,yn), ! Ssis giv YM| =22,y

wherey,, is the number of deleterious elements which _ _
have fitness,,, i.e., the number of elements, which areln the next section the ses,, are used to determine
in fitness class. Given such a vector, the fitness of theP(s,, ), the probability for a genome to have fitness

genome is immediately found: foralln < |M|* N.
s — 1Ay 28y NAyN _ 4.3 Determine the probability of a gene to have
genome o some given fitness

— JAy1+2y2+-+Nyn)
¢ Sui+2y2+-+Nyn)* | this section the concluding step of the algorithm is
Itis necessary for further analysis to find the probabilitp0Wn: The probability for a genome to have fitness
for the whole genome and for individual genes to bén: this iSP(s,) in the present notation, is determined.
in a certain fitness class. So, as the first step toward4!S IS the sum of the probabilities of all the possible
this goal for each number (potential fithess class of thePMbinationgyy, vz, ..., yn) in this fitness class.
genome or gene) all the possible sum representations of

the type(y; +2y2+- - -+ Nyn ) have to be determined. The probability that a genome is given by a vector

The algorithm which finds all these representations fofy:, y2, - . . , y~) is equal to
a part of or the whole genome is described in the next | ”
section. P(g) _ (Zn y”)' Hn an” )
7L!

4.2 Determine for all numbers the possible repre- Iy

sentations as sums Hence, the probability(s,,) is given by
In this section the recursive algorithm to find all the pos- > y ) T, e
sible representations of any number- N in the form P(sy) = ) == 0 " 4
y1 + 2ys + - - - + Ny is described. 7€O, nYn:
Let the set of the vector§:, yo, ..., yn) Which sat-

Since the se®,, is known (section 4.2), the probability

ISty y1 +2y2 +- -+ Ny = n be denoted by,,. The L(sn) is determined in a loop over the elementsfo.

main observation which is necessary for the recursion
the following: The se®,, can be determined if all the

representation®,,_1,0,,_s, ...,0,_y are known. In So far, the whole genome and its probability to belong
fact, for large enough, the set9,, of representations t0 a certain fitness class was considered. Now a similar
is constructed as follows: treatment is done for individual genes. Note, that the

sum representation (section 3) is used for genes as well

1. Initially ©,, is empty. as for the whole genome.

2. From the se®,,_,, all the vectors are chosen, the4.4 Fitness distribution for individual genes

numbery, is substituted by, + 1, and the result- In the previous section the probability was found for a
ing vectors are added to,,. genome to lie in a certain fitness class. In equation (4)
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the steady state parameters are necessary for this. 3. Number of risk classeg,
For individual genes the expected number of elements .
in different fitness classes is not part of the description 4- Number of element fitness classas,
in the steady state (after the anonymous fitness dynams Fitness step~2, the fitness in fitness class 1, the
ics), because the genes are not considered yet. How- |ocg] fitnesses in the other classes are determined
ever, after the two steps of post-selectional dynamics  from it (e="2 in classn).
the limit fithess composition is given as follows: The
distribution, P”) (X,, X1,..., Xn) of the subseG'”  |n addition, the risk structure has to be chosen. This is
into fitness classes is a polynomial distribution with thelone by
probability parameters

6. Defining each risk clasR() by the associated
=0,...,N. vectorl; = (Yio, - -+ Yins - - -, ViN)-

PRI

*
Yijn

@
G

Dijn =
7. Determine for each gene, how many elements lie

A gene is the disjoint union of its risk gene subsets, in which risk class, i.e., the size of the risk gene

hence, the distribution of the ge@; is also polyno- subsetGE-” for all i, j has to be entered.
mial, P;(Xo, X1, X, ..., Xn), and the parameters are . ) )
The program determines according to the formulae in
o * . the steady state after the anonymous dynamics the fol-
Pjn = (21: Gigm) /1G] lowing parameters:

These parameters play the same role for the gene ad. The expected vect@u, ..., ay);
the «,, for the whole genome. However, there is a >
slight difference, as for the genome, thg are for

n =1,2,..., N, while for risk gene subsets and genes

. The probability distribution of the number of dele-
terious elements, in particular its mean

the fitness class = 0 is also included. 3. From there the expected sizes of the fitness classes,
For any vectolj = (yo,y1, 2, - - -, yn) the probability A, forn=0,...,N.
is given by ) . _ _
4. Using the balancing method twice, and using the
|G, Pl Ay, the program calculates the most probable fit-
P(y) = W ness composition for each gene risk sutﬁé@,

which is given by the parameteys,, .

The probability for a gene to belong to fitness class 5. Using the fitness composition of gene risk sub-

G, |'TL, p2 sets, the expected numbers of elements in fithess
P(sn) = Z Tyl lintgn (5) classesp;,,n = 0,1,..., N in individual genes
L, yn! is determined.

JEO,

6. With the parameteys;,, for all genes and using the
sets®,,, as described in section 3, for each gene
a file containing the probabilities of aff(s,,) is
constructed. The highestis the last one, which
is necessary, such that the sum of Alls,,) is >
0.9999.

This is calculated using the sum presentation from sec-
tion 4.2 for each potential fitness class

The probabilitiesP(s,,) for large n are very small.
Hence, as a timesaving approximation the highest num-
bern* is determined such that the sum of Bls,, ) for
n=0,1,...n*is > 0.9999. The P(s,) is set ta0 for

n > nx. . . . .
When running the simulations different aspects can

4.5 Summary and Input/Output of the fitness com-  be observed. For example, and not surprisingly, the
position program increase of the mutation rate reduces the local fithess

So far it is possible for example to submit a genomé)f the genes in the steady state.

with a risk structure, and genes to the program, and the

result will be the most probable fitness composition ofhere are different possibilities to observe A change of
each gene. In this section the description of the nethe risk structure of a single gene and its influence on
essary input parameters and possible output valuestise steady state fitness of the other unchanged genes.

given. The effect depends on the choice of the risk structure
The global necessary input parameters are: before and after the change in the chosen gene as fol-
lows. At first the gene consisted of elements, most of
1. Probability for an element to mutate, which were in a good risk class, i.e., the probability to

mutate into a good fitness class was high. With a change
2. Number of Genes] and their lengths (how many of the majority of its elements into a bad risk class
elements does each gene have). In particular, thigmost mutations lead the gene’s elements into bad fit-
yields the number of elemen®1| in the genome, ness classes), the gene’s fitness obviously was reduced,
this is the sum of the lengths of all genes. but the fitness of all the other genes was increased.
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5 Outlook

In this paper the theory that allows to find fithess com-
positions of individual genes is outlined. The major
novelty in this approach is the global view, that con-
siders a genome as a set of finitely many elements.
first the connection between elements and genes is ig-
nored, only in the equilibrium it is re-established and
leads to the expected fitness composition of individual
genes.

The simulation part of the work allows to observe in[15]

particular the influence of changes in individual genes
on the other genes in the genome. For now these
changes are done only in terms of the local fithess con-
tribution of the genes. However, the next level of identi-
fying genes using this theory is to introduce alleles and
to find allele frequencies of individual genes using their
fithess compositions. With this extended model, it will
also be possible to observe not only the changes in fit-
ness but also in allele frequencies. This extended model
is work in progress of the author at the moment.
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