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Abstract

The method of individual channel analysis and de¢iGAD) is a neo-classical
frequency-domain approach to analysis and desigmuwfi-input multi-output
control systems. In this paper the technique idiegpo a two-input two-output
nonlinear system involving two coupled tanks otiid) The complete nonlinear
model of the plant is presented and it is shown hbev individual channel
approach can provide useful insight for multivalealoontrol system design
based on linearised representations of the plamul&tion investigations
involving the nonlinear model have demonstrated tha overall performance
of an ICAD-based control system design with praposl plus integral
controllers satisfies a given set of performancecdations involving steady-
state and transient requirements. Simulation relfo show that this design
provides good disturbance rejection and satisfaatobustness properties. The
resulting control system has been implemented ernv-tank system and the
paper includes experimental results.
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2 Outline of the Individual Channel

Analysis and Design approach
Problems of liquid level control are found exteesyv : L .
in many industries and common examples inclug@ny M>m linear time-invariant MIMO plant can be
control of levels in blending and reaction vesdels Modelled using a transfer function matri@. A
chemical processes. This paper relates to tfgiagonal control matriX, positioned in the forward

development, implementation and testing of a conrr®ath in cascade with the pla@ and immediately
system for liquid levels in a pair of coupled tarikh before it, allows a feedback loop to be createdirado

through the application of individual channel asity 1€ combined system described by the prodi@t In

and design methods. Simulation methods are gesigning controllers for multivariable systemsttué

central importance for the work reported in thip@a kind difficulties _arise because of the loop int¢i@ts
between the different channels. The essence of the

The plant has two inputs, which are the liquid How|CAD approach is to consider one loop at a time by
rates into each of the tanks, and two outputs, fvhigpening one loop while all other loops remain otbse
are the resulting levels of liquid in the tanksefdis
one outflow from one of the tanks.

1 Introduction

For details of the methodology and applicationg tha
have been considered previously the reader should
Simple analysis or simulation studies can show thabnsult papers by Leithead and O'Reilly (e.g. [&],
there is significant nonlinear coupling betweenttie  [8] and [9]) who were responsible for the developime
tanks and the development and validation of botef the approach. A useful bibliography relating to
nonlinear and linearised models of this coupledesys |CAD methods and their application has been
has been the subject of previous publications (&]g. provided by Kocijan [10].

[2], [3] and [4]). Optimisation of a simple propiomal ) o

plus integral type of controller for two-input two- The ICAD approach emphasises the significance of

output control of this system has also been thgestb the ‘structure’ of the plant in the decompositidritee
of an earlier investigation [5]. given MIMO system into the equivalent set of

channels. In this specific context the word ‘stanet
Individual Channel Analysis and Design (ICAD) is ajs taken as relating to the number of right hafra
frequency-domain approach to problems of multipoles and the number of right half-plane zeroshef t
variable control (e.g. [6]-[10]). Using this channels [6].
methodology anm-input m-output feedback control
problem can be split inton individual single-input
single-output problems, without loss of structura
information. Each of the controlled outputs is pdir i
in a natural fashion, with a specific referenceuinio nol
form what is termed a “Channel”. This approach ha ; %)' o
attractions in that it provides a framework within :
which many concepts from classical single-inpu
single-output control engineering analysis and gtesi
can be applied in a rigorous fashion to multi-inpu
multi-output systems that exhibit significant cross
coupling. It thus offers designers the possibilitly n

applying traditional methods of analysis and desigt ks
which are well-proven in applications involving T
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single-input single-output (SISO) systems, to multi
input multi-output (MIMO) problems. Examples of
such methods include Nyquist and Bode plots ar
widely-used measures of robustness, such as gdin an
phase margins. Fig. 1 Block diagram of a two-input two-output

Not only does the ICAD approach offer benefits insystem with diagonal feedback (adapted from a

that it is based on traditional methods familiaralb diagram in [6])
control system designers but it also provides usefu

insight concerning the dynamics of the plant and Q,{h ¢ f itivariabl ¢ fruct bei
the complete controlled system. Each channel Isas i € type of multivariable System structure being

own performance specification expressed in terms 8Pnt3|dere_f[1|h|dn_ this ﬁ’?pec;b's I?' tW(?-|_nputt twor;outpl:t
SISO requirements. system with diagonal feedback involving two chasne

and Fig. 1 is a block diagram illustrating the stane

of the type of multivariable control system being
considered. In this case, if we consider the fodwar
signal transmission from the reference signab the
associated outpw,, it is clear that the signal follows




two parallel pathways. One path is directly throtigg 01,051
block g;1 and the other is through the blocs, gi» y=—"" 3)
and a block involvings, and its associated feedback 011922
loop throughg,,. This block diagram may therefore be
simplified to give the structure shown in Fig. 2 fbe h, = kzgzz (4)
Channel Gand, by symmetry, the Channel @ay be 2 1+ k2922
analysed in the same way to give the simplifiectklo
diagram of Fig. 3. and
I«h - klgll (5)
1+ k9,

.............................................

Without loss of information, the effects of coupgin
are represented as additive disturbance termseat th
outputs of each Channel. It should be noted thADC

is not a single-loop design method since loop
interactions are preserved.

I Disturbance The quantity y is the approximate multivariable
structure function.lt provides an indication of the
strength of any given coupling and whether or hit t
is benign. In this particular case, involving a timput

Fig. 2 Individual Channel Cwith cross-reference tWo-output system, there is only one multivariable

disturbance signal and unity negative feedbacructure function but this is not the case forteys
(adapted from a diagram in [6]) with additional channels. In general, when a

multivariable structure function is small in maguié
the interaction effects are small and, in the aafsa
two-channel system, the two channels behave very
like two independent loops. On the other hand, wden
, multivariable structure function has a large maghdt
Disturbance . . . . g .
oh the loop interaction is significant. lit can be amo[6],
n g—22 that if the Nyquist plot of the multivariable stture
function does not approach the point (1,0), the ICA
methodology may be appropriate. However, if this
condition is not satisfied the gain margins@fand
C, do not provide robust measures of stability ared th
ICAD approach may not be suitable.

...............................................

The frequency response of each Channel can thus be
used in the analysis of the nominal system in dyxact
the same way as for the analysis of a conventional
feedback loop in a SISO control system application.
Fig. 3 Individual Channel Cwith cross-reference However, the ICAD approach emphasises the fact that
disturbance signal and unity negative feedbaciki€ properties of the multivariable structure fimes,
(adapted from a diagram in [6]) (o), may provide useful information about the
robustness of the closed-loop system.

It can be seen from these block diagrams thalf, is also necessary to ensure, for the successful
ignoring the disturbance signal, each channel @n kpplication of ICAD approach to a two-Channel
described using a single-input single-output transf system, that the closed-loop bandwidth specificatio
function to give: for one channel must not be too similar to the
corresponding specification for the other chanfgl [
C, = kg, @~ phy)

and 3 The coupled-tanks system

C, = ka0, (1= M) (2)
Fig. 4 is a schematic diagram of the two-input
coupled-tanks laboratory system being considered. |
where consists of a container of volume 6 litres having a



central partition that divides the container intgot  Parameter values for the laboratory-scale system ar
separate tanks. Coupling between the tanks isas follows:
provided by a number of holes of various diameterSCross-sectional area of tankd, = A, =
near the base of the partition and the amount of 2 - e
coupling may be adjusted through the insertion of 9.7x107m".
plugs into one or more of these holes. The sys&m i ~,oss-sectional area of orificed, = 3956 %105
equipped with a drain tap, under manual controk Th
output flow rate from one of the tanks can be adplis
by means of this tap. Both tanks have inflows from - qss sectional area of orifice &, = 385x10°°
electrically driven variable-speed pumps and are ,
equipped with sensors that can detect the level of '
liquid and provide a proportional electrical output Height of outlet above base of tamk, = 003 m.
voltage.

Gravitational constarg = 9.81 m&.

1 B l Qe Maximum flow rates
— — - 3.1
Qjmax_QZmax_leo *m’s”.
I Tank1 ]\ Tank 2 Maximum liquid levelsH ;. = H .. = 0.3m.
H, . .
' Hy — In addition to the above parameters, electrical
H, l signals in the system are related to the variabfes
—_— the model (as described by the equations above)
1  — ;
T through the following two parameters:

Pump calibration consta@,=7.2 x 10 °* m’s'V™.

Fig. 4 Schematic diagram of the coupled-tanks syste pepth sensor calibration constaiE 33.33 Vni.
showing inputs (flow rate®;; andQj,) and outputs _ o _
(levelsH, andH,) For control system design studies it is appropttate

consider a linearised model in which the model

The basic hardware, involving a single-input vemsio yariables represent small variations of system
of this equipment, was a commercial product intende /griables about steady state values.

for teaching applications (TecQuipment Ltd) [1] but

has been modified at the University of Glasgow ﬁl () = ﬁl -H, (1) (8)
through the addition of the second pump to provide

the second inflow and replacement of resistive lleve ht)=H. -H.(t 9
sensors by more accurate differential-pressurecbase (1) 2 (1) ©)
depth sensors. q,(t) = Gil -Q, (1) (10)
The derivation of a detailed nonlinear model may be .

found i_n a paper by Gong a_nd Murray—Smith [2]. Thgt Qiz(t) =Q, - Qiz(t) (11)
model is based on the application of the consaymati

principle to the mass of liquid within each tank. an(t) :623_Q23(t) (12)

Bernoulli's equations provide the basis for
determining the flow from one tank to the other and
from the second tank to the external environmehis T

leads to the following pair of equations : In Egs. (8)-(12) variables with a horizontal baiere

to the values at the chosen operating point, wtdch

A dH, _ Q, - Cyan2g(H, - H,) (6) normally defined by a steady-state condition.
dt Rearranging Egs. (1) and (2) to the standard

d nonlinear state-space form:
A&TF:Z =Q, +Cyay29(H, —H,) —=Cy,3,/29(H, —H,) P
dH, _ fi(Hy,H2Qu) (13)
(7) dt
These equations describe the dynamics of the AH 5 _ fy(Hy,HaHs Qo)
coupled tanks system in nonlinear form for all case dt
for which the level in tank 2 is below that in tahk (14)

An equivalent set of nonlinear equations may be Then, since the levell; may be assumed constant,

derived for situations in which the level in tanks2  |inearization produces the standard linear stageesp
greater than that in tank 1. model:
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CT.I _|oH, oH, _|’11 + 0Q 0Q, [ Y1
d | | O, Of, |h| |0, O, |q,
dt oH, O0H, 0Q, 0Q,
(15)

and the expressions fag(s) andh,(s) may be derived
from Eqs. (4) and (5).

3.1 Control system design procedures
Design requirements

The specifications for the two-input two-output
closed-loop system were based on equivalent

In Eq. (15) all the partial derivatives must berequirements for a single-input single-output @msi

evaluated at the operating poif({H,,Q,,Q,,)-

The resulting linearised equation, after evaluatdn
the partial derivatives, has the form:

R Y @ N
hl -l A A _h_"l + A |:qi1:|
ﬁz a —(@+a@) h, 0 1 a,
A A A
(16)
where, = Ca?u |29 (17)
' 2 H,-H,
and g, =Ca |20 (18)
2 H,-H,

The individual block transfer functions that deberi
the plant in Fig. 1 are therefore as follows:

(a1+a2)[1+s A2 ]

g (S) = 0'10'2 (al + 0'2) (19)
LA A, AL L AA,
0'10'2 0'10'2
1
a (20)
92 (s) = :
S Ad A+ A L AA,
alaz 0'10'2
1
0.,(9) = a: @D
T Ad A AL L AA,
0'10'2 0'10'2
i(1+ sﬁ
0,.(5) = a, a, (22)
2 AG Tt AG T AT L AA
alaZ ala2

The corresponding multivariable structure functien
given by:

aZ
(s) = 912921 _ Alal ta, x
911922 (1+ Si)(l.p IS 7)
al al 2

(23)

of the coupled-tanks system for which there was
extensive previous design experience. The design
requirements for the two-input two-output case were
thus as follows:

a.) Zero steady-state errors in liquid levelsath
tanks.

b.) A maximum overshoot of 30% in liquid levels.

c.) A damping factor of approximately 0.7
corresponding to a phase margin of approximately 70
degrees for both channels.

d.) The gain cross-over frequency, on the bakis
experience with the design of PID controllers foe t
single-input single-output case for control of togid
level in tank 2 (using a single input flow to tafhk
should be at least 0.05 rad/s for both channels.

e.) It is essential, in the ICAD approach, e
that the polar plot of the magnitude and phasehef t
multivariable structure function does not approtuh
point (1,0).

An outline of the design process

The requirements outlined in Section 4.1 provide a
basis for design using the ICAD methodology wité th
linearised versions of the plant model given in .Eqs
(16) to (23), for selected operating conditionssiga
has been based on the use of Métlsdftware and has
led to continuous and digital controllers involving
proportional plus integral structures for each cten

The first step in the design process involves
establishing that the gain cross-over frequencyhef
open-loop transmittance of one channel will be
significantly different from the gain cross-over
frequency of the other. In this case it was deciaded
the basis of physical reasoning, that the gainseros
over frequency of Channel,Ghould be higher than
that for Channel € This latter value would be chosen
to be at least 0.05 rad/s

The next step involves evaluation of the magnitude
and phase of the multivariable structure functieero
the range of frequencies that are of importanceter
intended application. Fig. 5 is a typical plot dfet
multivariable structure function in the form of algr
diagram showing the magnitude and phasgjaf) for

the complete range of relevant frequencies ang it i
clear that the resulting plot involves small valuds



magnitude and of does not come close to the (1,ppper are for the continuous control case where the
point. This is satisfactory for the operating pointontrollers have been implemented using operational
considered but similar plots for a range of opemati amplifiers.

conditions must be considered.

5 Results

0.4

s 7T ‘ Extensive simulation studies have been performed

Je using Matlalf and Simulink® to investigate the extent

g \ ; to which the performance requirements are met using
\ | the ICAD approach as outlined above, especially in

\ terms of interactions between the two channelstiaad

overall robustness of the control system. The full

,/ ‘ ? nonlinear model has been used in these investitatio
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\ / The performance of the controllers, as implemeiried
hardware for the continuous control case and so&wa
03 ) P for digital control, has also been investigated
) ‘ ‘ : experimentally in the laboratory using the coupled-
heX 0 01 02 03 04 05 os  tanks system hardware.
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Fig. 5 Plot of the multivariable structure functifom Fig. 6 shows typical results for a test involving
the coupled-tanks system for one specific operatingsimultaneous step changes in the required levetsein
point. two tanks for the case with continuous control. The
liquid levels in tanks 1 and 2 are shown by theaupp
Next, it is necessary to design the contrdi€s) since and lower traces respectively. In the case of Calhn
the requirements in terms of gain cross-over fraque the step change of reference imposed is from 199 mm
for Channel G are less demanding than for Channefo 226mm, while for Channel 2 the change is from
C.. Egn. (2) shows that the equation for Channgl CL65mm to 198mm.
involves the transfer functiohy(s) and the known
multivariable structure functiom(s). The first step is It can be seen that the requirements have been
to assumehy(s) = 0 and design the controlldg(s) satisfiedand that the response of tank 2 is slower than
initially on that basis. After obtaining that firstthat of tank 1, as expected. Although not included
approximation tok,(s) an initial single-input single- here, the simulation results are identical in tewhs
output design can be carried out for the contrddjés)  steady state performance and very similar in tesis
on the basis of the knowhy(s). Having found an the settling time of the transients. The main défee
initial k;(s) this can then be used to determimgs) by observed between the experimental and simulation
substitution into Eqn. (5). The resulting gain andesults is that the transients found through sitraria
phase margins must then be checked and adjustmetetgd to be slightly less oscillatory than thosenfbu
made tdky(s) if necessary. The process may have to bexperimentally.
repeated once or twice. Then using the revised
controller transfer function for Channel 1 the desi System interactions have also been investigated
can be completed for Channel 2 using a simila@xperimentally and through simulation. Fig. 7 shows
iterative procedure. Final checks must then be done typical results for the experimental case. The test
both channels to compare the gain cross-ovémvolves introducing a step change of the desieséll
frequencies with the design specifications and khedn one channel while maintaining the original ssiell
that the gain and phase margins are all satisfactor in the other. The upper plot shows the level ofiitig
in tank 1 following the application of a step chargy
Designs found for the two controllers both involvedeference for Channel 1 at time 40 s. followed by a
proportional plus integral controllers: step change of reference for Channel 2 at timd 06
s. The lower plot shows the corresponding measured
016 level in tank 2. The results show a transient
k. (s) = 3][1+—} (24) disturbance in the level of tank 2 when the setllef
S Channel 1 is changed but a negligible transierihén
0.1 level in tank 1 when the set level of Channel 2 is
K,(s) = 5.6][1+—} (25) altered by a similar amount. This difference is twe
S the different bandwidths in the two closed loop
systems.
Discrete equivalents of these continuous contmller
have also been found to allow digital control to be
implemented. Experimental results presented is thi



turn, with feedback control applied. The uppertplo
shows the level in tank 1 for a reference input of
227mm while the lower plot shows the level in t&nk

for a reference input of 198mm. Disturbance inputs
are applied by introducing a measured volume of
water to tank 2 at about tinte= 18 s and a similar
volume to tank 1 at about time= 120 s. The effects

of each of these disturbances on each channel are
clearly visible in these records.

240 4

Liquid level (mm)

200 +

Simulation results are similar in character andwsho
the distinctive actions of the two channels in
countering the effects of the disturbance inputs. A
with the tests involving changes of reference,sit i
clear (as would be expected) that the speed of
response to disturbance inputs is influenced by the
choice of bandwidths for the two channels

160 -

T T T ¥ ]
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Fig. 6 Experimental results following simultaneous . .
instantaneous step changes of the required lesels f EXtensive tests of robustness have also been darrie

the case involving continuous control. The uppet pl 0ut, mainly through simulation. Some experimental
is for tankland the lower for tank 2. investigations to assess robustness have also been
carried out, although in that case the changesrmes
guantities, such as the cross-sectional area of the
orifice linking the tanks or the effective diametsfr
the outlet from tank 2, cannot be applied in an

instantaneous fashion. Changes imposed in the
simulation therefore differ slightly from the
200 corresponding changes applied experimentally but
£ results are broadly similar and the experimental
:.f findings confirm that the robustness propertieshef
% two-input two-output control system are satisfagtor
‘.3'; 160
‘_/\,_/\_ o
120 =
E_ o~
®
e L) ¥ L] L] E
0 40 80 120 160 2
Time (sec) S 200 4 .
A ) ) ) -t T T L] 1]
Fig. 7 Experimental results for tests to investgat ° 40 80 120 160
interactions between reference changes for the tw Time (sec)

channels (for the case involving continuous coitro
The upper plot is for tank 1and the lower for t&nk

Fig.8 Typical experimental results where external
Although the results shown in Figs. 6 and 7 are fdfiSturbances have been introduced by rapidly adaling
specific operating points, comparison of experiraent Predetermined volume of water to each of the tamks
and simulation results for a range of differenttUrn, with feedback control applied. The upper ot
conditions has shown good overall agreement. for tank 1and the lower for tank 2

The behavior of the system when subjected to eatern _ _

disturbances is also of importance. Fig. 8 showseso Differences — between  simulation  results ~and
typical experimental results where extemagxperl_mentgl results are bellgved to relate mafaly
disturbances have been introduced by adding lignitations in the representation (_)f the outputwflo
predetermined volume of water to each of the tamks from the second tank in the nonlinear model of the
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