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Abstract  

In this paper, the hybrid approach to model and simulate the behavior of the double-gimbaled 
MEMS-based micrommiror is presented. The model of the micromirror is represented as a 
system of coupled equations and combines both the distributed and lumped parameter 
description. The advantage of the hybrid approach is improved accuracy of simulation results 
in comparison with the results obtained from pure lumped parameter models, and on other 
hand, the enormous reduction in simulation time in comparison with the models completely 
based on the distributed parameter description. The model involves electrostatics, solid 
mechanics and gas dynamics. Thus, the multiphysics interactions have to be considered and 
therefore they are discussed in the paper. The gas-damping is modeled by the finite element 
analysis (via squeeze-film damping effect), and thus, there is no need for the derivation of the 
analytical formula of the gas-damping. 

Keywords: Hybrid model, Multiphysics interactions, MEMS-based micromirror, FEM 

 

 
Presenting Author’s biography 

Michal Stepanovsky received the MSc and PhD degrees in mechatronics from 
the Alexander Dubcek University of Trencin. His research interests include the 
design of optical switches for all-optical networks and multi-physics simulation 
of dynamical systems by using finite element analysis, especially the simulation 
of the MEMS-based devices. He is interested in the modeling and simulation of 
the mechatronic systems and also in the parallel computer architectures.  



1 Introduction 

The micro-electro-mechanical system 
(MEMS) technology, especially the MEMS-based 
micromirrors, has great practice (more than 20 years) 
in all-optical comunication networks research. The 
designed micromirrors, as a class of significant 
MEMS-based actuators, found utilization in various 
modern micro-opto-electro-mechanical systems 
(MOEMS), such as scanners [1, 2], projection 
displays [3, 4], and optical switches for all-optical 
networks [5–9]. The application of MEMS for large-
scale all-optical networks is still the only solution until 
optical transistors will be available. 
 
 
The double-gimbaled electrostatically actuated 
micromirror is nonlinear multiphysics device [10]. 
The model of the micromirror is useful tool for its 
design and optimization. It allows to optimize the 
shape and dimensions of the micromirror and their 
suspension. Moreover, this model can be simply 
complemented with a model of control circuits and 
thus it is possible to simulate the micromirror response 
for different control strategies. A schematic view on 
the micromirror is shown in Fig. 1. The mirror plate is 
suspended by a double-gimballed structure, which 
consists of two pairs of torsional hinges (springs) and 
a micromirror frame. The micromirror can be tilted 
about two axes by electrostatic actuation using four 
control voltages applied to the electrodes underneath 
the mirror, and translated along z-axis. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1 Schematic view of the micromirror 
 
 

The most of current literature typically consider the 
lumped parameter models [11-18]. The drawback of 
this approach is coarse approximation of actual 
behavior of the micromirror. On the other hand, the 
pure distributed parameter model approach is highly 
time consuming and unpractical to solve by personal 
computers. Thus, the combination of both of them can 
take the advantage. 
 

2 Multiphysics model 

The multiphysics model can be divided into three 
parts according to occurring physical phenomena and 
interactions between them as shown in Fig. 2. If a 
voltage is applied, created electrostatic field affects 

mechanical structure through electrostatic forces and 
the micromirror is attracted to the electrodes. This 
makes new geometry configuration and different 
electric field distribution. Moreover, geometry change, 
i.e. as the micromirror is moving, it generates a 
motion of surrounding gas, which induces surface 
forces (pressure) affecting motion of the micromirror. 
Because the micromirror is not perfectly rigid planar 
plate, the output from the model is continuous both in 
space and time. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 2 Multiphysics model  

 
First of all, the governing equations for all three 
physical phenomena have to be specified. This step 
determines the accuracy of the model. In general, an 
electrostatics part of the model is described by the 
Poisson equation, a mechanics part is described by the 
Newton equations, and a fluid dynamics part is 
decscribed by the Navier-Stokes equations. This 
description produces the model with distributed 
parameters as it is shown in Fig.2.  
 
To simulate processes in the model by a computer 
system, both the time and spatial discretization have to 
be applied to obtain difference equations and 
consequently the system of algebraic equations. The 
model as shown in Fig.2 is continuous in time and in 
space. The spatial dicretization by standard Galerkin 
finite element method (standard GFEM) can be used 
for electrostatics and solid mechanics; and then the 
Newmark method for time stepping can be used only 
for solid mechanics. The temporal discretization by 
characteristic-Galerkin procedure and after that the 
standard GFEM for spatial discretization would be 
used for gas dynamics because of convection-
dominated problem. This results in finite number of 
unknown values of searched quantity (gas pressure, 
electric field intensity) corresponding to certain points 
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(nodes) of the spatial domain, the so-called 
discretization points. Thus, the matrix equations will 
be obtained and they can be subsequently solved. 
 
As shown in [19] the simulation time in system with 
100 GFLOPS of performance varies in range from one 
day to one hundred days for only 106  to 108 of finite 
element mesh nodes considering the Poisson, Newton 
and full Navier-Stokes differential equations. The 
precision of simulation results is highly depending on 
the total number of discretization nodes. It is evident 
that without simplifications the model based on the 
pure distributed parameter description can be 
simulated only by the high-performance parallel 
computer system. 
 

2.1 Hybrid multiphysics model 

Frequently, two or more different physical systems 
interact with each other, with independent solution of 
any one system being unfeasible without concurrent 
solution of the others. Such systems are known as 
coupled, and of course, this is the case of the 
electrostatically actuated gas-damped double-
gimbaled micromirror. The coupling occurs on the 
domain interfaces via the boundary conditions 
imposed there, and it is applied into the corresponding 
finite element mesh nodes during the simulation 
process. In the simplest case, the finite element mesh 
nodes are mapped one-to-one on the physical 
boundary as shows Fig. 3. As one can see, the 
interacting physical domains have shared the nodes on 
the boundary, and thus, the computation of coupling is 
straightforward and it is determined by coupling 
equations. 
 
 
 

 
 
 
 
 
 

Fig. 3 Coupling via boundaries 
 
In the hybrid models, in which one or more physical 
domains are omitted and replaced by the lumped 
parameter description, it arises the necessity of the 
additional computation between their partial models. 
To consider interactions from lumped parameter 
model to distributed parameter model on one hand, 
and from distributed parameter model to lumped 
parameter model on the other hand, the 
expansion/reduction to distributed/lumped parameter 
description have to be involved into the hybrid model. 
 
In our hybrid model of the micromirror we suppose 
that the micromirror plate and outer frame are rigid, 
the deformation of the torsional hinges is linearly 
proportional to the stress applied to them, and the 
material damping in the hinges can be neglected. 
Therefore, the mechanical properties of the 
micromirror and their suspensions can be 
approximated by only six parameters – mass, 
moments of inertial about axes of rotation and spring 
constants. Moreover, the pressure distribution over the 
micromirror surface can be modeled by the squeeze 
film damping effect. The motion of the viscous fluid is 
described by the Navier-Stokes equations. 
Nevertheless, the nonlinear behavior of the squeeze 
film damping is typically approximated by the 
Reynolds equation [20–22] because of simplicity. 
These simplifications results in the hybrid 
multiphysics model as shown in Fig. 4. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Hybrid multiphysics model  

C
o

m
pu

ta
tio

n
 o

f  
e

le
ct

ro
st

a
tic

 fi
e

ld
 

E
le

ct
ro

st
at

ic
 

fie
ld

 

E
le

ct
ro

st
at

ic
 

to
rq

ue
 a

nd
 

fo
rc

e 

S
o

lid
 m

e
ch

a
ni

cs
 

A
ct

ua
l 

g
eo

m
et

ry 

M
irr

o
r 

d
is

p
la

ce
m

en
t 

M
irr

o
r 

 
ve

lo
ci

ty
 

G
a

s 
ga

p 
h

ei
gh

t  
ch

an
g

e 

G
a

s 
dy

n
a

m
ic

s 
/  

S
q

ue
e

ze
 fi

lm
 d

a
m

pi
ng

 e
ffe

ct
 

G
a

s 
to

rq
u

e 
a

nd
 fo

rc
e 

G
a

s 
p

re
ss

u
re

 

E= −∇V 

ϕx 

TE,y 

FE,z 

ϕy 

dz 

TE,x dϕx /dt 

dϕy /dt 

ddz /dt 

dh /dt 

 pF 

 h 

TG,x 

TG,y 

FG,z 

Reduction to lumped 
parameter description 

Reduction to lumped 
parameter description 

Expansion to distributed 
parameter description 

Expansion to distributed 
parameter description 

Model of 
electrostic field 

Model of 
micromirror 

Model of gas 
dynamics 

CONTINUOS IN 
SPACE 

CONTINUOS IN 
TIME 

CONTINUOS 
BOTH IN 

SPACE AND 
TIME 

ϕx 
 

 VA 

 VB 

 VC 

 VD 

Mirror 
dispalcement: 

Applied voltage 
on electrodes: 

M
irr

o
r 

d
is

p
la

ce
m

en
t 

A
ct

ua
l 

g
eo

m
et

ry
 

 

ϕx 

ϕy 

dz 

 h 

 dz 

ϕy 

In
pu

ts
 

 
O

ut
pu

ts
 

 
Boundary 

Physical 
domains 

Node 



2.2 Governing equations of the hybrid model 

The differential equation of the micromirror motion is 
given as follows 
  EG ΨΨKζζJ =++&& , (1) 

where J and K  are mass and spring matrices, 
respectively. The components of ΨΨΨΨG include the 
torques and force developed by the gas; and the 
components of the ΨΨΨΨE include electrostatic actuation 
torques and force, respectively. The both terms ΨΨΨΨG 
and ΨΨΨΨE are complex functions of the vector ζ . The 

vector ζ  represents the angular and vertical 

displacement of the micromirror. The Newton's 
notation is used to represent the time derivation. The 
symbols J, K , ΨΨΨΨG, ΨΨΨΨE and ζ  are defined as follows 
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where Ix and Iy are moments of inertia about x and y 
axis; m is the mass; Kx and Ky are torsion spring 
constants for rotation about x and y axis; Kz is the 
bending spring constant in z axis; TG,x and TG,y are x 
and y components of gas torque; FG,z is gas force in z 
axis; TE,x and TE,y are x and y components of 
electrostatic driving torque; FE,z is electrostatic driving 
force in z axis; ϕx, and ϕ y are x and y components of 
angular displacement of the micromirror; dz is vertical 
displacement of the micromirror. The constants Ix, Iy, 
m, Kx, Ky and Kz can be determined easily 
(analytically, numerically or experimentally), thus 
they are out of our interest. 
 
The components of the gas vector Ψ G = (TG,x  TG,y  
FG,z)

T are given as follows 
 ∫

+Ω

Ω=
fm

dpyT Fx,G  ,  

 ∫
Ω

Ω=
m

dpxT Fy,G  ,  (4) 

 ∫
+Ω

Ω=
fm

dpF Fz,G
, 

where Ωm is the area of the micromirror bottom 
surface (micromirror side closer to the electrodes), 
Ωm+ f  = Ωm ∪ Ωf , where Ωf  is the area of micromirror 
frame bottom surface; and pF is perturbation pressure 
in the point (x, y)∈ Ωm+ f, which affects on the element 
of surface dΩ. We use the symbol Ω in later equations 
instead of Ωm+ f  for the clarity. 
 
The perturbation pressure pF  can be approximated by 
linerized Reynolds equation in the form 

 0
12

2
2

=−−∇
dt

dh

h

p

dt

dp
p

Qhp
AF

F
chA

µ
, (5) 

where pA is the ambient pressure, h is the actual gas 
gap height (distance between surface element  dS and 
the electrodes), µ denotes the fluid viscosity at normal 
conditions. The term Qch is the relative flow rate 
function that accounts for the rarefied gas effects. 
According to model proposed in [19]: 

 1746813036160774401 ,
KnKnch K, + K, + Q = , (6) 

where KKn is Knudsen number defined as the ratio of 
the molecular mean free path to a representative 
physical length scale, and h is given as follows 

 ( ) ( ) ( ) zyxy dyxhh −−−= ϕϕϕ cossinsin0
   (7)  

  for x, y ∈ Ωm ,  

or ( ) zx dyhh −−= ϕsin0
    (8) 

  for x, y ∈ Ωf .  

The equation (5) is used for gas damping estimation; 
the real damping may be different.  

The components of the vector ΨΨΨΨE = (TE,x  TE,y  FE,z)
T 

are given as follows 
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ε ,  

where pE is electrostatic pressure, ε is the permitivity 
of the free space, Ωm,i and Vi (for i = A, B, C and D) 
are the micromirror surfaces over the electrodes 
marked by symbol i (see Fig.1) and the voltages 
applied to them, respectively. 

In equations (9) we suppose that the electric field 
intensity E can be computed as ratio of Vi / h, what 
means that the electrostatic field rarefaction effects are 
neglected. Thus, the equation 

 
h

V
E = , (10) 

is used to approximate electric field intensity over the 
micormirror surface. 

Regardless the used simplifications in the 
electrostatics and gas dynamics, the model of 
electrostatics and gas dynamics still remain described 
by distributed parameters. Only solid mechanics part 
of the model is described by the lumped parameters. 
The equations (1), (5) and (10) model the solid 
mechanic, gas dynamic and electrostatic part of the 
hybrid model; and the equations (4), (7-8) and (9) are 
used for the expansion/reduction to distributed/lumped 
parameter description. 



The micromirror behavior is nonlinear in nature. The 
two-way coupling between electrostatic field and 
micromirror structure is the dominant phenomena 
creating the nonlinearity of the system, regardless the 
fact that the solid mechanics is modeled by the linear 
Hook's law and the electrostatic field is determined by 
the Poisson equation, which is also linear. Moreover, 
the angular displacements about x and y axis are not 
independent, they are closely related on each other. 

Even in the static case, when the time derivation and 
the gas term ΨΨΨΨG disappear from the equation (1), the 
nonlinear behavior can be observed. In this case, the 
equation (1) is reduced to 
  EΨKζ = , (11) 

what means, that the static equilibrium is satisfied. 

3 Simulation results 

In contrast to pure distributed parameter model based 
on the Poisson, Newton and full Navier-Stokes 
differential equations, the simulation time of the 
hybrid model (presented in section 2.2) less than few 
minutes can be achieved at the personal computer with 
10 GFLOPS of performance.  

In our case, the micromirror surface was discretized 
by the 4700 linear triangular elements with about 2500 
of mesh nodes. Thus, the searched quantities 
(perturbation pressure pF and electric field intensity E) 
were evaluated only in the 2500 of spatial nodes over 
the micromirror surface. This discretization is 
sufficiently fine because the micromirror surface is 
planar structure and thus there is no need for the 
expansion into the third dimension. The simulation of 
the response of the micromirror during 20 ms with 
simulation step time of 10 µs takes about 2 hours at 
the computer with 4 GFLOPS. The simulation results 
are discussed in the next sections. 

3.1 Non-optimized micromirror  

We have simulated the micromirror as shown in Fig. 5 
with parameters as given in the Tab.1. 
 

Micromirror diameter  D1 600 µm 
Micromirror thickness  --- 4 µm 
Frame inner diameter D2 626 µm 
Frame outer diameter D3 668 µm 
Frame thickness --- 4 µm 
Suspension beam length L 74 µm 
Suspension beam width w 3 µm 
Suspension beam thickness --- 1 µm 
Micromirror–substrate distance --- 130 µm 

Tab. 1  Dimensions of the simulated micromirror 
 
The micromirror material was considered to be 
isotropic, with the fracture strength 7 GPa, Young's 
modulus of 169 GPa, Poisson ratio of 0.22, and 
density of 2330 kgm-3. The mean free path of the 
molecules of the gas is supposed to be equal to 

0.25 µm, ambient gas pressure 1.01225 kPa, gas 
viscosity 20.10−6 m2s−1, and ambient temperature 
294.15 K. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 5 Micromirror with detailed view on the 
suspension 

 
The position of the micromirror is determined by the 
voltages applied to electrodes underneath the 
micromirror. The Fig. 6 shows the step response of the 
mirror when UA = 90 V and UB = UC = UD = 0 V. In 
the figure, the components of ζ vector are shown. 
 

 
Fig. 6 Step response of the micormirror 
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The time-avoided angle-angle diagram of micromirror 
motion is shown in Fig. 7. As one can see, the 
micromirror starts in (0; 0) point and oscilates around 
its stable point of (1.578; 1.578). The micromirror is 
tilting about two axes. The motion is not matched, and 
thus, the deviation from ideal trajectory (the straight 
line from the starting point to the target) occurs.  This 
behavior is unsuitable and it is  result of cross-axis 
coupling and non-optimal micromirror design. 

 
Fig. 7  Angle-angle diagram 

 
The energy disipation during micromirror motion can 
be observed from the angle-velocity diagrams for both 
x and y axis, as it is shown in Fig. 8. The expected 
spiral trajectory is deformed due to dominant cross-
axis coupling effect.  

 
Fig. 8  Angle-velocity diagrams 

 

3.2 Optimized micromirror  

As shown in the previous section, the non-optimized 
micromirror motion is strongly affected by cross-axis 
coupling. However, if the dimensions of the 
micormirror and its suspensions are optimized, the 
effect of the cross-axis coupling can be eliminated. 
Neverheless, the cross-axis coupling still exists and 
have to be considered. The step response of the 

optimized micromirror for the same actuating voltage 
as in the section 3.1 is shown in the Fig. 9. The figure 
shows the components of ζ vector. 

 
Fig. 9 Step response of the micormirror 

 
The time-avoided angle-angle diagram of micromirror 
motion is shown in Fig. 10. As one can see by 
comparing Fig. 7 and Fig. 10, after the optimization, 
the improved behavior is achieved. 

 
Fig. 10  Angle-angle diagram 

 
The micromirror is moving along the ideal trajectory. 
This indicates better dynamic characteristics and 
better controllability of micromirror motion. The 
application of the micromirror in the all-optical 
switches requires the short swithing time as much as 
possible, i.e. the micromirror have to adopt new 
steady-state position in minimal time. Until the 
mechanical structure is not optimized, the used control 
strategy would take account of non-optimal 
micromirror design. Therefore, the optimization of the 
micromirror structure is very important step in its 
design regardless the control strategy. The angle-
velocity diagrams of optimized micromirror for both x 
and y axis are shown in Fig. 11. 

Stable point 

Stable point 



 
Fig. 11  Angle-velocity diagrams 

 

4 Conclusion 

The multiphysics approach represent significant tool 
to model and simulate various systems. It makes it 
possible to model and simulate the most important 
parts of the system in detail, and simplify the 
unsubstantial ones. The crucial parts of the system can 
be modeled by distributed parameters, while the others 
by the lumped parameters. It allows to balance 
between computational complexity (and/or 
computational time) and precisions of simulation 
results. Moreover, the simulation results can be used 
for the advanced design of parameters of the system. 
Thus, the optimization can be realized before 
fabrication. It is not possible to optimize the 
micromirror parameters without adequate model 
reflecting all physical phenomena at appropriate level 
of simplification. Presented hybrid model is a model 
with both distributed and lumped parameters, and is 
suitable for designers of MEMS-based all-optical 
switches. Improved controllability of the optimized 
micromirror makes it possible to obtain the switching 
time less than 2 ms in open-loop control when the 
suitable shape of the applied control voltage is used. 
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